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A

o,

( b/l’\ onsider a 2D body in equilibrium under the action of a set of vector

forces, ﬁ, giving rise to a set of vector displacements and thence to
an internal stress distribution, o(x,v), and strain distribution, &(x.y).
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The principal of virtual work (PVW) says that the work done by a set
of forces in equilibrium moving through a set of small, compatible
displacements is zero.

For deformable bodies, the total virtual work consists of the sum of
external virtual work and internal virtual work:

OW = OWint + OWexy £
I

where
O it =~ .[ (08 43 T xx + 06,0, + 06,0, )dV <
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The principle of virtual work or displacement is the foundation of
structural finite element (FE) analysis as shown below. It permits the
development of expressions for the stiffness matrices of a range of
different structural element types. In turn this permits computational
modeling of complex geometries to give approximate solutions for
displacement, stress and strain distributions.

ab)‘\\/ I>1 D example of the finite element method (FEM)

Node 1 Node 2
i, H“\. } (75
Fl === F2 e

Length, L.
Area, A
Young’s modulus, £

Structure is divided up into elements, connected together at nodes.
The basic approximation for this element in displacement-based FE
analysis Is:

u(x) =upNy(x) + up No(x)

s
= { 1\7] (\) :/\"2 (\')Jl{ : 1
s |

where u4, u, are the nodal degrees of freedom (dofs) and N;(x), Na(x)
are called the shape functions of the element.
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Strain-displacement relation:

o



_|dNi(x) dNpy(x)| || _ B L i up | _ . o ”
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Stress-strain (constitutive) relation
U

(P J 11
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o=FEe&= E{B}l “]

1{7

Internal virtual work:
LL’

O =~ J."ngAdx

0
g

(4

il J (ol (B} E{B}uldx

0
L.

=-F4 51/ J J‘{ (/\ {u}
0

External virtual work:

OW oy =0 P + Ol Py = {51/} {P}

Principal of virtual work (PVW)

W,y + Wi =0
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This is the stiffness equation for the element of a 1D stress system.
4

e

(k)= £4 [{B) {Bax
0
B
i [Zl{jl —1]}

= EA

Solution of stiffness equation:

To solve the stiffness equation, need to apply boundary conditions —
otherwise, elements can move as rigid bodies and we cannot solve
the equations for unique values of displacement.

L
Vi

PL, 1. : :
Suppose u; =0, then u, = ;/; which is-the exact solution for this

problem. This is because the assumed linear variation of
displacement is the exact variation in this case.

Once the primary variables have been solved for, by solving the
stiffness matrix, then back-substitution into the strain-displacement
and stress-strain relations yield the strains and stresses in each
element and consequently in the complete FE model for a multi-
element analysis.



Strain:

Stress:

Reactions:




